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Abstract
The source of the universe inflation is electromagnetic fields obey-
ing rational nonlinear electrodynamics proposed earlier. Within this
model the singularities of the electric field at the center of charges, the
Ricci scalar, the Ricci tensor squared and the Kretschmann scalar are
absent. We consider the universe which is filled by stochastic mag-
netic fields. It is demonstrated that the inflation lasts approximately
2 s with the reasonable e-folding number N ≈ 63. The Inflation starts
from de Sitter spacetime and after the universe inflation end it decel-
erates approaching the radiation era.
1 Introduction
The universe inflation can be explained by modifying general relativity (GR)
[1] or by introducing a scalar field which drives the inflation [2]. Another
scenario of the inflation is to modify electrodynamics when electromagnetic
fields are very strong in the early time of the universe evolution [3]- [13]. The
usage of nonlinear electromagnetic fields can remove the singularities during
Big Bang.
This paper is a continuation of the work [9] where the universe inflation
takes place for the stochastic magnetic background obeying rational nonlinear
electrodynamics proposed in [14].
In a relativistic electron-positron plasma there are the stochastic fluctu-
ations of the electromagnetic field, and as a result, plasma fluctuations may
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be the source of a stochastic magnetic field [15], [16]. Thermal fluctuations
in the pre-recombination plasma lead to a primordial magnetic field. We
suppose that the early universe was filled by a strong random magnetic field
in the early stage of the radiation-dominated era. Observations show the
existence of magnetic fields in the universe from 10−5 ps to 104 Mps [18],
[19]. We suppose that the primordial magnetic fields are seeds for the large
magnetic fields observed today [17], [16]. The large magnetic fields have the
primordial origin and are generated by the galactic dynamo theory. Thus, it
is implied that on large scales primordial magnetic fields are produced in the
early universe [20]. It should be noted that the origin of cosmic magnetism
on the largest scales of galaxies, galaxy clusters and the general inter galactic
medium is still an open problem [21]. The electric field is screened by the
charged primordial plasma and, therefore, we consider the case E = 0 [16].
According to the standard cosmological model the universe is isotropic in the
large scale, and therefore we use the equality 〈B〉 = 0. As a result, there are
not directional effects.
The structure of the paper is as follows. In Sect. 2 we introduce rational
nonlinear electrodynamics (RNED) and estimate the parameter β of the
model. General relativity coupled to RNED was considered in Sect. 3.
Evolution of the universe within our model was studied in Sect. 4. Section
5 is a conclusion.
2 A model of RNED
We consider GR coupled with RNED with the Lagrangian [14]
L = − F
2βF + 1 , (1)
where F = (1/4)FµνF µν = (B2 − E2)/2 is a field invariant. The model of
RNED possesses attractive features such as simplicity and non-singularity.
Thus, RNED coupled to GR results in the existence of regular magnetic black
holes [22]. In addition, the size of the shadow of M87* black hole estimated
on the base of RNED-GR gives the result which is in agrement with the data
of Event Horizon Telescope collaboration [23].
The energy density ρ and the pressure p for a magnetic background (E =
2
0) are given by
ρ =
B2
2(1 + βB2)
, p =
B2(1− 3βB2)
6(1 + βB2)2
. (2)
We suppose that our model at weak electromagnetic fields is converted into
QED with loop corrections. We obtain the model parameters β by comparing
(1), at the weak field limit, with the Heisenberg−Euler Lagrangian. If βF ≪
1 Lagrangian (1) becomes
L = −F + 2βF2 − 6β2F3 +O
(
(βF)4
)
. (3)
The QED Lagrangian with one loop correction (the Heisenberg−Euler La-
grangian) is given by [24]
LHE = −F + cF2, c = 8α
2
45m4e
, (4)
where α = e2/(4π) ≈ 1/137 and the electron mass me = 0.51 MeV. By
comparing (3) and (4) we find
β =
4α2
45m4e
= 69× 10−5 MeV−4. (5)
3 Cosmology
The line element of the homogeneous and isotropic Friedmann−Robertson−
Walker (FRW) spacetime is given by
ds2 = −dt2 + a(t)2
(
dx2 + dy2 + dz2
)
, (6)
where a(t) is a scale factor. We assume that in the early stage of the universe
the cosmic background is stochastic magnetic fields. The averaged over a
volume magnetic fields obey equations
〈B〉 = 0, 〈EiBj〉 = 0, 〈BiBj〉 = 1
3
B2gij. (7)
Then nonlinear electrodynamics can be represented as a perfect fluid [6]. It
is worth noting that Eq. (7) leads to isotropy because the directionality
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is absent. For simplicity we omit the brackets 〈〉 in the following. The
Friedmann equation is given by
3
a¨
a
= −κ
2
2
(ρ+ 3p) . (8)
When ρ+ 3p < 0 the universe accelerates. Making use of Eq. (2) we obtain
ρ+ 3p =
B2(1− βB2)
(1 + βB2)2
. (9)
The requirement of the universe acceleration ρ + 3p < 0 leads to βB2 > 1.
From Eq. (5) we obtain 1/
√
β ≈ 6 × 1011 T. For the strong magnetic fields
B > 6 × 1011 T the universe inflation takes place. The conservation of the
energy-momentum tensor, ∇µTµν = 0, leads to the equation
ρ˙+ 3
a˙
a
(ρ+ p) = 0. (10)
After the integration of Eq. (10), taking into account Eq. (2), we obtain
B(t) =
B0
a2(t)
, (11)
with B0 being the magnetic field corresponding to the value a(t) = 1. The
scale factor increases during the inflation but the magnetic field decreases.
Making use of Eqs. (2) and (11) we find lima(t)→0 ρ(t) = lima(t)→0 p(t) =
lima(t)→∞ ρ(t) = lima(t)→∞ p(t) = 0. There are no singularities of the energy
density and pressure as a(t) → 0 and a(t) → ∞. With the help of Eq. (2)
one obtains the equation of state (EoS) w = p/ρ and its limits
w =
1− 3βB2
3(1 + βB2)
, lim
a→∞
w =
1
3
, lim
a→0
w = −1. (12)
We have the EoS for ultra-relativistic case as a(t) → ∞. As a(t) → 0
EoS corresponds to de Sitter spacetime w = −1. As a result, the inflation
starts from de Sitter spacetime. From the Einstein equation one obtains the
curvature
R = κ2T = κ2 [ρ(t)− 3p(t)] , (13)
and Eqs. (2) and (13) lead to lima(t)→0R(t) = lima(t)→∞ R(t) = 0. As a
result, there are not a singularity of the Ricci scalar. The Ricci tensor
squared RµνR
µν and the Kretschmann scalar RµναβR
µναβ are expressed by
linear combinations of κ4ρ2, κ4ρp, and κ4p2 [9] and they vanish as a(t) → 0
and a(t) →∞. Making use of Eqs. (9) and (11) we make a conclusion that
the universe inflation occurs at a(t) < β1/4
√
B0.
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4 Evolution of the universe
For three dimensional flat universe the second Friedmann equation is given
by (
a˙
a
)2
=
κ2ρ
3
. (14)
Making use of Eqs. (2) and (14) with the unitless variable x = a/(β1/4
√
B0),
Eq. (14) reads
x˙ =
κx√
6β(x4 + 1)
. (15)
The plot of the function y ≡ √6βx˙/κ versus x is depicted in Fig. 1. Ac-
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Figure 1: The function y ≡ √6βx˙/κ vs. x.
cording to Fig. 1, after Big Bang the universe accelerates (y˙ > 0) until the
graceful exit point x = 1 (a = (β1/4
√
B0)) and then the universe decelerates.
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After integration of Eq. (15) we find
∫ x
ǫ
√
(x4 + 1)
x
dx =
κ√
6β
∫ t
0
dt, (16)
where ǫ corresponds to the starting point of the universe inflation (t = 0)
and x = 1 (at the time t) corresponds to the end of the inflation. We use
Eq. (16) to study the evolution of the universe inflation. It is convenient to
consider the deceleration parameter q to study the expansion of the universe.
With the help of Eqs. (2), (8), and (14) we obtain
q = − a¨a
(a˙)2
=
x4 − 1
x4 + 1
. (17)
The plot of the function (17) is depicted at Fig. 2. In accordance with Fig. 2
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Figure 2: The function q vs. x = a/(βB20)
1/4.
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the inflation (q < 0 ) lasts until the graceful exit x = 1 and after the universe
decelerates (q > 0).
We will estimate the amount of the inflation by using the e-folding number
[25]
N = ln
a(tend)
a(tin)
, (18)
where tin is an initial time of the inflation and tend is the final time. The
graceful exit point is x = 1 corresponding to a(tend)b (b ≡ β1/4
√
B0). If
e-folding number N ≈ 65 [25] the horizon and flatness problems are solved.
We will analyze Eq. (16) to estimate the duration of the inflationary period.
Using units (c = h¯ = 1) κ =
√
8πG = 4.1×10−28 eV−1, β = 6.9×10−29 eV−4
(see Eq. (5)), 1 s = 1.5×1015 eV−1, we find κ/√6β = 0.2×10−13eV ≈ 30 s−1.
To have the reasonable amount of inflation we use the value ε = 6.5× 10−28
corresponding to the beginning of the inflation. Then from Eq. (16) one
finds that the duration of the universe inflation is approximately 2 s and
the e-folding number N ≈ 63. This model describes phases of the universe
acceleration, deceleration and the graceful exit. Making use of Eq. (2) we
obtain the equation for the perfect fluid
p = −ρ+ f(ρ), f(ρ) = 4
3
ρ(1− 2βρ). (19)
When |f(ρ)/ρ| ≪ 1 during the inflation, the spectral index ns, the tensor-
to-scalar ratio r, and the running of the spectral index αs = dns/d ln k have
reasonable values [30] according to the PLANCK experiment [27] and WMAP
data [28], [29]. The inequality |f(ρ)/ρ| ≪ 1 gives βB2 ≫ 1/3 that corre-
sponds to the inflation phase (βB2 > 1, B > 6× 1011 T).
It is worth noting that the general form of the equation for the perfect
fluid in the cosmological context was discussed in [30], [31], [32]. One can
postulate EoS to describe the inflation similar to one under consideration.
But it is important to understand what kind of matter (dark energy) drives
the universe to accelerate. In the present paper we specify the matter field
to be the RNED which leads to concrete form (19) and leads to universe
inflation.
5 Conclusion
We demonstrated that our model with homogeneous and isotropic cosmology
describes the reasonable amount of the universe inflation (≈ 2 s) and e-folding
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number (N ≈ 63). There are no singularities of the energy density, pressure,
the Ricci scalar, the Ricci tensor squared, and the Kretschmann scalar. A
stochastic magnetic field is the source of the universe inflation at the early
epoch. The magnetic field decreases as B = B0/a(t)
2 during inflation till the
graceful exit and then the universe decelerates approaching to the radiation
era.
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